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RIEFFEL’S DEFORMATION QUANTIZATION AND
ISOSPECTRAL DEFORMATIONS
ANDRZEJ SITARZ
Abstract. We demonstrate the relation between the isospectral
deformation and Rieffel’s deformation quantization by the action
of Rd.
1. Introduction
The isospectral deformation has been recently introduced by Connes
and Landi [3], with the examples of the noncommutative 3 and 4
spheres, providing new examples of noncommutative spectral triples
[2]. However, the construction of similar examples, though in different
context, can be found in earlier works by Kulish and Mudrov [5] as well
as, more recently in Paschke Ph.D. thesis [6].
The properties of isospectral deformations has been recently a sub-
ject of much interest [4]. In particular, the symmetries of isospectral
geometries (seen as Hopf algebras acting on the deformed algebras)
appear to be a twist by a Cartan subalgebra of the universal envelop-
ing algebra of Lie algebras, which were symmetries of the undeformed
algebras[12], and the constructed spectral triples are symmetric in the
sense of [7].
The analysis of symmetries and the generalized construction of the
deformation, as well as the similarity of the construction with the well-
known noncommutative torus has led to the connections between the
isospectral deformations and Rieffel’s [8] deformation quantization by
the action of Rn. In fact, both the general construction as well as the
corresponding symmetries were already defined in a general setup by
Rieffel (see also [9, 10, 11]).
In this Letter we show that the isospectral deformations as defined
in [3] are the special case of the Rieffel’s construction [8].
2. The isospectral deformations.
In the original article [3] one starts with the algebra A of smooth
functions on a manifold, with an isometry group of rank r ≥ 2. This is
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equivalent to the statement that the torus T 2 is the isometry subgroup
of the algebra. Now, taking the elements t, which are of C∞ class with
respect to the action of the torus group: t 7→ αs(t), one can obtain their
decomposition as a norm convergent sum of homogeneous elements of
a given bidegree. Then, for any homogeneous element one may define
a deformed product (by a left or right twist). By linearity this extends
to the linear combinations of homogeneous elements which are dense
in the algebra we have started with.
To make correspondence with the Rieffel’s deformation quantization
we shall use the dual picture of isometries as used in [12].
Remark 1. Let A be an algebra and the torus T 2 be a subgroup of
automorphisms of A. Then for every operator T , which is of class C∞
relative to the isometry αs, the additive group R
2 acts as follow:
[x1, x2] ⊲ t = αe2piix1 ,e2piix2 (t),(1)
Using the generators of torus symmetries p1, p2, for instance:
p1 ⊲ T =
1
2πi
(
d
dx1
([x1, x2] ⊲ t)
)
|x=0
,
the relation (1) could be rewritten as:
[x1, x2] ⊲ t = e
2pii(x1p1+x2p2) ⊲ t.
Remark 2. With respect to the action of p1, p2 the operators, which
are homogeneous of degree (n1, n2), behave like:
p1 ⊲ t = n1t, p2 ⊲ t = n2t.(2)
Remark 3. The product in the algebra A can be deformed, first on
elements of given degree, and then extending the deformation by lin-
earity:
a ∗ b = abλn
a
1
nb
2 ,(3)
where λ is a complex number such that |λ| = 1. This gives the right
twist of [3]. For future reference we shall denote the deformed algebra
by Aλ.
This deformation, can be extended, in the case of a differential man-
ifold and a Lie algebra acting on the differential functions, to all C∞
functions. [3].
It would be useful to introduce a quantization map:
A ∋ a 7→ a ∈ Aλ,
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so that the Eq.3 could be rewritten as:
a ∗ b = abλn
a
1
nb
2 ,(4)
It will be useful to rewrite the above quantization form in a more
abstract form, using the action of the generators pi.
1.
Remark 4. The quantization map (3) could be written as: AΨ:
m (a⊗ b) = m
(
Ψ−1 ⊲ (a⊗ b)
)
,(5)
where m is the multiplication map
m : A⊗A ∋ a⊗ b→ ab ∈ A.
and m is, similarly, the multiplication in deformed algebra, whereas Ψ
is:
Ψc = λ
−p1⊗p2 ,(6)
3. Rieffel’s deformation by the action of Rn
3.1. General construction. Suppose we have an algebra A and the
action of V = Rn on this algebra. and a linear map, J , from V ′, the
dual of V to V , such that it is skew-symmetric JT = −J . Again,
one takes a subalgebra of elements, which are C∞ vectors in A for the
action of Rn.
To make a direct correspondence with the above case of isospectral
deformations we restrict ourselves to n = 2. In analogy with Pois-
son brackets on the function on a manifold we might define a Poisson
bracket:
P (a, b) =
∑
i
αJri(a)αpi(b),(7)
where pi is the basis of R
2 and ri of its dual. Clearly this is indepen-
dent of the choice of the basis (see [8, 9]) and makes the algebra A∞ a
strict Poisson *-algebra.
Then using the oscillatory integrals one can define a deformed prod-
uct:
a×J b =
∫
V
∫
V ′
αJy(a)αx(b)e
2pii(y·x),(8)
which could be recognized as a deformation quantization in the direc-
tion of the Poisson structure as defined in (7).
1We use here a particular form of a more general formula derived in [12]
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3.2. Equivalence with isospectral deformations. To obtain the
deformation as defined in (3) we have to modify the expression (8) by
allowing arbitrary (not necessarily antisymmetric) operator J .
Let us calculate explicitly for homogeneous elements a and b. We
parameterize V (coordinates x, basis pi) and V
′ (coordinates y, basis
ei), and with a particular choice of the map J .
Je1 = 0, Je2 = θp1.
Then:
a×J b =
∫
V
∫
V ′
d2xd2ye2pii(θy2n
a
1
)ae2pii(x1n
b
1
+x
2
nb
2
)be2pii(y1x1+y2x2) = . . .
Calculating further using the standard properties of oscillatory inte-
grals we obtain:
. . . = ab
∫
V
d2x
∫
V ′
d2ye2pii(θn
a
1
y
2
+nb
2
x
2
+y
2
x
2
) =
= abe2piiθn
a
1
nb
2,
which agrees with the definition for the right twist as defined in (3)
with λ = e2piiθ.
Having shown the relation one might use the results valid for the
deformation quantization to this particular case, for instance to the
noncommutative four-spheres. On the other hand, using similar ar-
guments as in [3] one will obtain a vast family of noncommutative
spectral triples and their symmetries, by constructing the deformation
quantization as described in [8] of, for instance, spin manifolds.
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